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Abstrat.
We investigate the struture of topologial defets in the ground states of
spinor Bose-Einstein ondensates with spin F = 1 or F = 2. The type and
number of defets are determined by alulating the rst and seond homotopy
groups of the order-parameter spae. The order-parameter spae is identied with
a set of degenerate ground state spinors. Beause the struture of the ground
state depends on whether or not there is an external magneti eld applied to the
system, defets are sensitive to the magneti eld. We study both ases and nd
that the defets in zero and non-zero eld are dierent.
1. Introdution
Bose-Einstein ondensates (BECs) of alkali atoms have an internal degree of freedom
due to the hyperne spin of these atoms. If a BEC is realized in a magneti trap this
degree of freedom is frozen and in a mean-eld limit the ondensate is desribed by a
salar order- parameter. However, if an optial trap [1℄ is used to onne ondensate
atoms, this degree of freedom is liberated and has to be taken into aount [2, 3℄.
Condensates with this property are alled spinor or vetor ondensates. In the mean-
eld theory the ground state of a spinor ondensate is desribed by an order-parameter
Ψ(r) =
√
n(r)ξ(r), where n(r) is the density of the ondensate and ξ(r) is a normalized
spinor, ξ†(r)ξ(r) = 1. In this paper the density n is assumed to be onstant. Beause
of the vetorial nature of the order-parameter, the behaviour of spinor ondensates is
in many ways dierent from that of salar ondensates. One manifestation of this an
be seen in the dierene of defets in salar and spinor ondensates. In the former
vorties with integer winding numbers an exist. The latter allows for more omplex
defets, whih are the topi of this paper. Our study is based on the ground states
alulated using the mean-eld theory and single ondensate approximation [2, 7, 8, 9℄.
Mean-eld theory is widely used in the study of Bose-Einstein ondensates and it is
usually assumed to give a good desription of the physial system. However, some
results suggest that the atual ground states of spinor ondensates may be dierent
from those obtained using mean-eld theory [18, 19℄. Thus, the results of this paper
are valid only as long as mean-eld theory an be applied.
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2. Charaterization of the used tehniques
2.1. The order-parameter spae
In ondensed matter systems the onept of an order-parameter is very important
[4, 5℄. Order-parameter f(r) is a ontinuous mapping from some region of the physial
spae into the order-parameter spae M , whih onsists of all possible values of
the order-parameter. It is usually possible to assoiate the order-parameter spae
with a group G that ats on that spae. If this ation is transitive (i.e for every
x, x′ ∈ M there exists some g ∈ G for whih x′ = g · x), we an arbitrarily hoose
some element x
ref
∈ M whih we all the referene order-parameter. Every element
x ∈ M an then be obtained from x
ref
by ating on it by a suitable element of
the group G. Those elements of G whih leave x
ref
xed onstitute a subgroup
H alled the isotropy group. Expliitly H = {g ∈ G | g · x
ref
= x
ref
}. Under
some rather general requirements for G and M the order-parameter spae M an
be identied with the quotient spae G/H . When onsidering the defets of spin-F
Bose-Einstein ondensate the order-parameter is the normalized (2F + 1)-omponent
spinor ξ(r) ∈ C2F+1. Beause we study what kind of defets an exist in the
ground state of the system, the order-parameter spae is the set of spinors that
minimize the energy. In the absene of an external magneti eld we an often hoose
G = U(1) × SO(3). However, this hoie is not always the orret one, as there
may be order-parameter spaes in whih U(1)× SO(3) does not at transitively; see
below. U(1) × SO(3) ats on C2F+1 via equation ((c, R), ξ) 7→ cD(F )(R)ξ, where
(c, R) ∈ U(1)× SO(3) and D(F ) is the 2F + 1 dimensional irreduible representation
of SO(3). This representation is given by the map R(α, β, γ) 7→ D(S)(α, β, γ), where
R(α, β, γ) = Rz(α)Ry(β)Rz(γ) ∈ SO(3) is given as a produt of rotations about y-
and z-axes and D(S)(α, β, γ) = exp(−iαFz) exp(−iβFy) exp(−iγFz). Here Fy and Fz
are y- and z- omponents of the spin matries orresponding to spin F . Representation
matries for F = 1 and F = 2 are given in the appendix.
In the presene of an external magneti eld the energy of the ground state is
invariant under gauge transformations and rotations about the axis of the magneti
eld, so we hoose G = U(1)× SO(2).
2.2. Homotopy groups
Homotopy groups of the order-parameter spae desribe physial defets [4℄. The nth
homotopy group pin(M) of the spaeM onsists of the equivalene lasses of ontinuous
maps from n-dimensional sphere Sn to the spae M . Two maps are equivalent if they
are homotopi to one another. In physis, the rst and seond homotopy groups
are of speial importane. The rst homotopy group pi1(M) desribes singular line
defets and domain walls, whih are non-singular defets. The seond homotopy group
pi2(M) desribes singular point defets and non-singular line defets. Thus, identifying
M with G/H , we an learn muh from the possible defets in a physial system if we
know pi1(G/H) and pi2(G/H). These an be alulated with the help of the following
theorem.
Theorem 1 Let G be a Lie group with pi0(G) = pi1(G) = pi2(G) = 0. Here 0 denotes
a one element group. Let H ⊆ G be a losed subgroup, and H0 ⊆ H the onneted
omponent of the identity. There are isomorphisms
pi1(G/H) ∼= H/H0 (1)
Topologial defets in spinor ondensates 3
Table 1. The referene spinors and their general forms for F = 1 spinor
ondensate when the external magneti eld is zero.
ξT
ref
ξ(α, β, γ, θ)T
f (1, 0, 0) ei(θ−γ)(e−iα cos2 β
2
, 1√
2
sinβ, eiα sin2 β
2
)
af (0, 1, 0) eiθ(−e−iα 1√
2
sinβ, cos β, eiα 1√
2
sinβ)
and
pi2(G/H) ∼= pi1(H0). (2)
For a proof, see [4℄ or [15℄.
We annot use this theorem if G is U(1) × SO(3), beause pi1(U(1) × SO(3)) =
Z×Z2. This problem an be solved by using R×SU(2) instead of U(1)×SO(3), sine
this group fulls the requirements of the theorem. The former is a overing group of
the latter, the overing projetion P : R × SU(2) → U(1) × SO(3) being given by
(x,U(α, β, γ)) 7→ (eix, R(α, β, γ)), where x ∈ R and
U(α, β, γ) =
(
cos β2 e
−i(α+γ)/2 − sin β2 ei(γ−α)/2
sin β2 e
−i(γ−α)/2 cos β2 e
i(α+γ)/2
)
∈ SU(2) (3)
Every matrix in SU(2) an be written in this form. Suient intervals for α, β and γ
are [0, 2pi], [0, pi] and [0, 4pi], respetively.
3. Spin 1
The ground state struture for F = 1 ondensate was alulated by Ho [2℄ and by
Ohmi and Mahida [3℄. If the external magneti eld is non-zero the spin-dependent
part in the energy is E(ξ) = c〈F〉2ξ − p〈Fz〉ξ + q〈F 2z 〉ξ [11℄. Here the kineti energy
term is negleted in the Thomas-Fermi approximation and 〈F〉ξ = ξ†Fξ. The onstant
c depends on sattering lengths and the density n, whereas p desribes linear and q
quadrati Zeeman interation with the external magneti eld. The external eld is
assumed to be direted along the z-axis.
3.1. Zero external eld
The equation for energy is obtained by setting p = q = 0. Depending on the sign
of c energy is minimized either by 〈F〉2ξ = 1 or 〈F〉ξ = 0. The former is alled
the ferromagneti (f) and the latter the antiferromagneti (af) phase. The order-
parameter spaes orresponding to these phases areMf = {ξ ∈ C3|〈F〉2ξ = 1, ξ†ξ = 1}
and Maf = {ξ ∈ C3|〈F〉ξ = 0, ξ†ξ = 1}. It is easy to see that U(1) × SO(3)
ats transitively on these sets. The referene order-parameters and general order-
parameters obtained from these by a rotation and gauge transformation are shown in
table 1.
3.1.1. Ferromagneti phase From table 1 we see that we do not need the angle
θ beause γ an produe all possible gauge transformations. This means that
instead of R × SU(2) we an use only SU(2). To nd the elements of the isotropy
group Hf we set ξf (α, β, γ, 0) = ξf
ref
. This gives Hf = {I,−I}. Using theorem
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1 we get pi1(G/H
f ) ∼= {±I} and pi2(G/Hf ) ∼= 0. The order-parameter spae is
SU(2)/{±I} ∼= SO(3). This order-parameter spae has also been enountered in
3
He−A [12℄.
Physially, these results mean that we an have one non-trivial singular vortex
but we annot have any non-trivial monopoles, i.e. singular point defets. The non-
trivial vortex is a defet in whih the overall phase of the spinor hanges by 2pi as the
defet line is enirled.
3.1.2. Antiferromagneti phase Now the isotropy group is Haf = {(n2pi, a(ϕ)), ((n+
1
2 )2pi, ga(ϕ)
) |ϕ ∈ [0, 4pi], n ∈ Z}, where we have dened a(ϕ) = U(ϕ, 0, 0) and
g = U(0, pi, 0). The onneted omponent of the identity is Haf0 = {
(
0, a(ϕ)
) |ϕ ∈
[0, 4pi]}. We get pi1(G/Haf ) ∼= {
(
n2pi, I
)
Haf0 ,
(
(n+ 12 )2pi, g
)
Haf0 |n ∈ Z}. This group is
isomorphi to Z, the isomorphism being given by the map
(
(2n+j)pi, gj
)
Haf0 7→ 2n+j,
where j = 0 or 1 and g0 ≡ I. Thus pi1(G/Haf ) ∼= Z. Previously the order-
parameter spae and rst homotopy group were onluded to be U(1)×S2 and Z [2℄ or
[U(1)×S2]/Z2 and Z×Z2 [6℄. Both of these order-parameter spaes are inorret but
the rst homotopy group in [2℄ is orret. However, that of referene [6℄ is not orret,
sine there is no (group) isomorphism between Z and Z×Z2. The isotropy group (in
U(1)× SO(3)) is isomorphi to O(2), but it an not be expressed as a diret produt
of a subgroup of U(1) and SO(3). Thus the order-parameter spae an be written
only as G/H = [U(1)×SO(3)]/O(2)G+S , where G+S means that the isotropy group
onsists of gauge transformations performed simultaneously with spin rotations.
Beause Haf0 is homeomorphi to U(1) and homeomorphi spaes have the same
homotopy groups, we get pi2(G/H
af ) ∼= pi2(U(1)) ∼= Z. If we move around a losed
path in the ondensate we note that when we return to the starting point the angle
θ has hanged by some amount. If we dene the hange in this angle divided by 2pi
to be the winding number, we see from the elements of Haf/Haf0 that the winding
number an be either an integer (n) or a half- integer (12 + n) [10℄. Paths in the
order-parameter spae an be represented pitorially as follows. From table 1 we see
that we have three parameters in the general expression for the ferromagneti state.
From these α and β an be restrited to the intervals [0, 2pi] and [0, pi], respetively,
and θ ∈ [0, 2pi]. However, beause ξaf (α ± pi, pi − β, γ, θ) = −ξaf (α, β, γ, θ), we an
atually restrit θ to the interval [0, pi]. These parameters an be represented using
ylindrial oordinates (α, r, z), where now r = β, z = θ, see gure 1.
In summary, possible line defets are those in whih the overall phase hanges by
2pin as the defet line is enirled and those in whih a phase hange of pi + 2pin is
aompanied by a 180◦ spinor rotation. Also point defets, labelled by integers, are
possible.
3.2. Non-zero external eld
Straightforward minimization of energy gives four ground states whih are degenerate
with respet to one or two phase variables, see table 2. The identiation of the
order-parameter spae G/H is easier than in the absene of the magneti eld.
In f1, f2 and af states G = U(1) and H = 1, so G/H = U(1) for whih
pi1(U(1)) ∼= Z and pi2(U(1)) ∼= 0. Thus we an have singular vorties with arbitrary
integer winding numbers but we do not have singular point defets. This resembles
the situation in a salar ondensate, where we have similar defets.
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θ
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α
pi pi00
(a) (b)
B
A
Figure 1. Pitorial representation of the parameters of the antiferromagneti
spinor. Angles α and θ are shown in the piture and angle β is the length of the
vetor. On the boundary points (α, β, 0) and (α ± pi, pi − β, pi) orrespond to the
same value of the order-parameter. This is also true for all points for whih β = pi,
θ is xed and α ∈ [0, 2pi). A(B) denotes the starting (ending) point of the urve.
We assume ξ(A) = ξ(B), so the urves dene losed urves in the order-parameter
spae. Dening the diretion of inreasing θ to be positive, we see in (a) a path
with winding number
1
2
and in (b) a path with winding number −1.
Table 2. The ground states for F = 1 spinor ondensate when the external
magneti eld is non-zero. States are degenerate with respet to angles θ and φ.
We have assumed that c 6= 0. f3 evolves to f1 (f2) state as p reahes 2c (−2c).
ξT
ref
E(ξ)
f1 e
iθ(1, 0, 0) c− p+ q
f2 e
iθ(0, 0, 1) c+ p+ q
f3
(
eiθ
√
1
2
+ p
4c
, 0, eiφ
√
1
2
− p
4c
)
− p2
4c
+ q
af eiθ(0, 1, 0) 0
In f3 state G/H = U(1) × U(1) for whih pi1(U(1) × U(1)) ∼= Z × Z and
pi2(U(1) × U(1)) ∼= 0. Now we an have independent vorties in the m = 1 and
m = −1 omponents of the spinor.
4. Spin 2
The ground states for F = 2 spinor ondensate were alulated by Ciobanu et al [7℄
and Ueda and Koashi [8℄. In the Thomas-Fermi approximation the spin-dependent
energy is given by E(ξ) = c〈F〉2ξ + d|Θξ|2 − p〈Fz〉ξ, where c and d are onstants
depending on sattering lengths and p desribes the linear Zeeman eet. The possible
ground states are haraterized by two parameters, namely ||〈F〉ξ|| = (〈F〉2ξ)1/2 and
|Θξ| = |2ξ2ξ−2 − 2ξ1ξ−1 + ξ20 |.
4.1. Zero external eld
The energy in zero magneti eld is obtained by setting p = 0. Beause 〈F〉2ξ and |Θξ|
are invariant under the ation of U(1)×SO(3), and for eah ξ there exists a rotation R
for whih 〈F〉2ξ = 〈Fz〉2D(R)ξ, we an write the energy in the form E(ξ) = c〈Fz〉2ξ+d|Θξ|2.
This equation has been solved in [7, 8℄. It turns out that there are three possible phases
in the system, ferromagneti (F, F ′), yli (C) and polar (P ).
To express the order-parameter spaes we dene M(i, j) = {ξ ∈ C5 | ||〈F〉ξ|| =
i, |θξ| = j, ξ†ξ = 1}. Then in F phase the order-parameter spae isM(2, 0), in F ′ phase
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Table 3. Ground state spinors and their energies of F = 2 ondensate when
the external magneti eld is absent. General forms of the ground states an be
obtained from these by a rotation and a gauge transformation. Notie that in P
state we have two free parameters. Those are needed beause we annot obtain
every possible spinor representing the polar state from a xed referene spinor by
a rotation and a gauge transformation.
ξT E
F (1, 0, 0, 0, 0) 4c
F ′ (0, 1, 0, 0, 0) c
C 1
2
(1, 0,
√
2, 0,−1) 0
P 1√
2
(
sinφ sinψ, sinφ cosψ,
√
2 cosφ,− sinφ cosψ, sinφ sinψ
)
d
M(1, 0), in C phase M(0, 0) and in P phase M(0, 1). Representative spinors from
these sets and their energies are shown in table 3. It turns out that U(1)×SO(3) ats
transitively on the parameter spaes of the ferromagneti and yli phases. However,
this is not true for the order-parameter spae of the polar phase. For example, if we
rst hoose φ = 0 and then φ = pi2 , ψ = 0 in the spinor representing a polar state,
we get two spinors whih an not be onverted to eah other by a rotation and gauge
transformation. This means U(1)× SO(3) is not a group large enough in the ase of
polar phase.
4.1.1. Ferromagneti phases There are two possible ferromagneti phases, labelled
by F and F ′. As in F = 1 ase, in both of these phases we an use SU(2) instead of
R× SU(2).
In F -phaseHF = HF /HF0 = {I, (−iσz), (−iσz)2, (−iσz)3} and thus pi1(G/HF ) ∼=
Z4, pi2(G/H
F ) ∼= 0. Here σz is the z-omponent of Pauli matries and −iσz desribes
rotation about the z-axis through 180◦. Non-trivial vorties are those in whih the
referene spinor rotates through 180◦, 360◦ or 540◦ about z-axis when the defet line is
irulated. In SO(3) the isotropy group is {±I}, so G/H = SO(3)/Z2. For a pitorial
representation of paths in SO(3)/Z2 see [13℄.
In F ′ phase the order-parameter spae is SO(3), and defets are similar to those
in the ferromagneti phase of spin-1 ondensate.
4.1.2. Cyli phase In C-phase we meet an example of a non-ommuting rst
homotopy group. A rotation and a gauge transformation of the referene spinor give
ξC =
1
2
eiθ


e−2iα
(
cos4 β2 e
−i2γ +
√
3
2 sin
2 β − sin4 β2 ei2γ
)
e−iα sinβ
(
cos2 β2 e
−i2γ −
√
3
2 sin 2β + sin
2 β
2 e
i2γ
)
−i
√
6
2 sin
2 β sin 2γ +
√
2
4 (1 + 3 cos 2β)
eiα sinβ
(
sin2 β2 e
−i2γ +
√
3
2 sin 2β + cos
2 β
2 e
i2γ
)
e2iα
(
sin4 β2 e
−i2γ +
√
3
2 sin
2 β − cos4 β2 ei2γ
)


Equating this with
1
2
(
1, 0,
√
2, 0,−1)T yields the elements of the isotropy group. HC
turns out to be a disrete, non-ommuting group. Expliitly HC is the union of the
onjugay lasses shown below. The isotropy group (in U(1)×SO(3)) is isomorphi to
the tetrahedral group, whih is the symmetry group of a tetrahedron. HC is a disrete
group and thus pi1(G/H
C) = HC . Beause HC is a non-ommuting group we have to
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use the onjugay lasses of pi1(G/H
C) to lassify the topologially inequivalent defets
[4℄. Two line defets are topologially equivalent if and only if they are haraterized
by the same onjugay lass of the rst homotopy group. Defets an still be labelled
by the elements of the rst homotopy group, but if these elements belong to the
same onjugay lass, orresponding defets an be ontinuously transformed to one
another. However, if they belong to dierent onjugay lasses this is not possible.
The onjugay lasses are
C0(n) = {(n, I)}, C0(n) = {(n,−I)}
C2(n) = {(n, a), (n,−a), (n, b), (n,−b), (n, c), (n,−c)}
C3(
1
3 + n) = {(13 + n, d), (13 + n, e), (13 + n, f), (13 + n, g)}
C3(
1
3 + n) = {(13 + n,−d), (13 + n,−e), (13 + n,−f), (13 + n,−g)}
C23 (
2
3 + n) = {(23 + n, d2), (23 + n, e2), (23 + n, f2), (23 + n, g2)}
C23 (
2
3 + n) = {(23 + n,−d2), (23 + n,−e2), (23 + n,−f2), (23 + n,−g2)}
(4)
Here n ∈ Z, a = U(pi, 0, 0), b = U(0, pi, pi2 ), c = U(0, pi, 3pi2 ), d = U(pi4 , pi2 , pi4 ), e =
U(pi4 , pi2 , 13pi4 ), f = U(13pi4 , pi2 , pi4 ), g = U(5pi4 , pi2 , 13pi4 ) and a2 = b2 = c2 = d3 = e3 =
f3 = g3 = −I. We have also divided the real number part of eah group element
by 2pi. The lass C0(n) desribes defets in whih the phase of the spinor is hanged
by 2pin as the defet line is enirled. Notie that only C0(0) orresponds to trivial
defets. In the ase of C0(n) phase hange of 2pin is aompanied by a 360
◦
rotation
about z-axis. For the rest of the onjugay lasses an expliit desription of the defets
is more ompliated. For example the element (n, a) in the lass C2(n) depits a defet
in whih the spinor rotates through 180◦ about z-axis and hanges phase by 2pin as
the line is enirled. Similarly (n, b) ∈ C2(n) desribes rotations rst through 90◦
about the z-axis and then through 180◦ about the y-axis together with 2pin phase
hange. However, beause these defets belong to the same onjugay lass they an
be ontinuously transformed into one other.
The multipliation table of onjugay lasses is shown in table 4. It shows that,
for example, when we ombine defet C2(n) with C2(−n) they an either annihilate
eah other (C0(0)) or form defet C0(0) or C2(0), the result depending on how they
are brought together.
Defets an be lassied further using homology groups [16, 17℄. In the presene
of other line singularities it may be possible to transform two line defets desribed
by dierent onjugay lasses into one another. This is ahieved by splitting a defet
into two parts and ombining these beyond a suitable line defet. Elements of pi1(M)
an be grouped into sets in suh a way that defets desribed by elements in the
same set an be deformed to one another either ontinuously or by the previously
desribed way. The olletion of these sets forms a fator group pi1(M)/D, where D is
an invariant subgroup of pi1(M) generated by elements δτδ
−1τ−1 with δ, τ ∈ pi1(M).
The elements of pi1(M)/D are unions of onjugay lasses. In our ase D is the union
of the onjugay lasses with winding number zero, D = C0(0) ∪C0(0) ∪ C2(0), and
pi1(G/H
C)/D = {C0 ∪ C0 ∪ C2, C3 ∪ C3, C23 ∪C23}. (5)
Here we have omitted winding numbers, whih are n, 1/3+n and 2/3+n respetively.
We see that line defets with the same winding number an be deformed to one another
either ontinuously or using a splitting and reombination proess.
From the work of Poenaru and Toulouse [14℄ we know that when two line defets
(desribed by δ, τ ∈ pi1(M)) ross eah other they produe a new line defet onneting
them. This defet is of the type δτδ−1τ−1. Clearly, if δτδ−1τ1 = 1, line defets an
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Table 4. The multipliation table of the onjugay lasses of C-phase. Beause
the lass multipliation is ommutative only half of that is shown. Winding
numbers have been omitted for larity. When two lasses are multiplied the
winding number of the resulting lass is the sum of the individal winding numbers.
C0 C2 C3 C3 C
2
3 C
2
3
C0 C0
C2 C2 6C0 + 6C0 + 4C2
C3 C3 3(C3 + C3) 3C
2
3 + C
2
3
C3 C3 3(C3 + C3) C
2
3
+ 3C23 3C
2
3
+ C23
C
2
3 C
2
3
3(C23 + C
2
3
) 4C0 + 2C2 4C0 + 2C2 3C3 + C3
C23 C
2
3 3(C
2
3 + C
2
3) 4C0 + 2C2 4C0 + 2C2 C3 + 3C3 3C3 + C3
Table 5. General forms of the ground state spinors of F = 2 ondensate in the
preene of external magneti eld. Energy is degenerate with respet to angles
θ and φ.
ξT E
F1 e
iθ(1, 0, 0, 0, 0) 4-2p
F2 e
iθ(0, 0, 0, 0, 1) 4+2p
F ′1 e
iθ(0, 1, 0, 0, 0) -p
F ′2 e
iθ(0, 0, 0, 1, 0) +p
C 1
2
(
eiθ(1 + p
4c
), 0, eiφ
√
2− p2
8c2
, 0, e−i(θ−2φ)(−1 + p
4c
)
)
− p2
4c
P 1√
2
(
eiθ
√
1 + p
4c−d , 0, 0, 0, e
iφ
√
1− p
4c−d
)
d− p2
4c−d
P1
1√
2
(
0, eiθ
√
1 + p
2(c−d) , 0, e
iφ
√
1− p
2(c−d) , 0
)
d− p2
4(c−d)
P0 e
iθ(0, 0, 1, 0, 0) d
pass through eah other without the reation of a new singular defet. In our ase
defets that an be reated by making two line defets ross are the trivial defet C0(0)
and two non-trivial defets, namely C0(0) and C2(0).
4.2. Non-zero external eld
Ground states were alulated in [7, 8℄ and are shown in table 5. However, now
it should be noted that in the yli phase the order-parameter spae has a quite
ompliated struture [8℄. Group U(1) × SO(2) an at transitively on this order
parameter spae only if the external eld is strong enough, and even then there may
be states whih are degenerate in energy but whih an not be obtained from the
referene order-parameter shown in table 5 [8℄.
In the ferromagneti phases and in the P0 phase G/H = U(1) and the rst and
seond homotopy groups are Z and 0. In C,P and P1 phases G/H = U(1) × U(1)
and the homotopy groups are Z × Z and 0. Physially this means that we an have
a vortex in eah omponent of a spinor but only two of them an have independent
winding numbers. In C-phase, if there are vorties with winding numbers m and n
say, in the rst and third omponent of the spinor, then there must be a vortex also in
the fth omponent of the spinor. However, its winding number is not free but equal
to 2n−m.
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5. Disussions
In this paper, we have alulated the rst and seond homotopy groups of the order-
parameter spaes of spinor ondensates with F = 1 and F = 2. The elements of
these groups orrespond to topologially stable singular line and point defets. The
order-parameter spae is identied with the set of degenerate ground state spinors,
and both non-zero and zero external magneti eld ases are disussed.
In F = 1 ondensate there are two possible phases, ferromagneti and
antiferromagneti. If external eld is zero in the former there an be one topologially
non-trivial line defet but no topologially non-trivial point defets. In the latter
innitely many line and point defets, labelled by integers, are possible.
In F = 2 ondensate three dierent phases, ferromagneti, polar and yli are
possible. The ferromagneti phase an be further divided into two phases labelled by
||〈F〉ξ|| = 1 or 2. In zero eld the former has similar defets to the ferromagneti phase
of F = 1 ondensate and in the latter there an be three topologially non-trivial line
defets but point defets are not stable.
In the absene of an external eld the order-parameter spae of the yli phase
has a non-ommuting rst homotopy group. Topologially stable defets are lassied
by the onjugay lasses of this group and are those in whih the spinor is suitably
rotated and its phase hanged by an integer multiple of pi/3 as the defet line is
enirled. Stable point defets are not possible. If external magneti eld is applied
the symmetry is redued and non-ommutativity of the rst homotopy group is lost.
It also turns out that in the zero eld U(1) × SO(3) does not at transitively on
the order-parameter spae of the polar phase and thus the defet struture remains
unsolved.
For F = 1 and F = 2 ondensates, if the external eld is non-zero and there is
only one non-zero omponent in the spinor, a vortex with an arbitrary integer winding
number is possible. If there are two or three non-zero omponents then a vortex in eah
omponent of the spinor is possible, but only two of these an have an independent
winding number. In the presene of a magneti eld stable point defets annot exist.
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Appendix
The 3× 3 representation matrix orresponding to U(α, β, γ) is
D(1)(α, β, γ) =


e−i(α+γ) cos2 β2 −e−iα 1√2 sinβ e−i(α−γ) sin
2 β
2
e−iγ 1√
2
sinβ cosβ −eiγ 1√
2
sinβ
ei(α−γ) sin2 β2 e
iα 1√
2
sinβ ei(α+γ) cos2 β2

 (A.1)
The ve dimensional representation matrix is given by D(2)(α, β, γ) =
exp(−iαFz) exp(−iβFy) exp(−iγFz), where exp(−iαFz) = diag(e−i2α, e−iα, 1, eiα, ei2α)
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and
exp(−iβFy)
=


cos4 β
2
− sinβ cos2 β
2
√
6
4
sin2 β − sinβ sin2 β
2
sin4 β
2
sinβ cos2 β
2
1
2
(cos β + cos 2β) −
√
6
4
sin 2β 1
2
(cos β − cos 2β) − sinβ sin2 β
2√
6
4
sin2 β
√
6
4
sin 2β 1
4
(1 + 3 cos 2β) −
√
6
4
sin 2β
√
6
4
sin2 β
sinβ sin2 β
2
1
2
(cos β − cos 2β)
√
6
4
sin 2β 1
2
(cos β + cos 2β) − sinβ cos2 β
2
sin4 β
2
sinβ sin2 β
2
√
6
4
sin2 β sinβ cos2 β
2
cos4 β
2


(A.2)
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